Abstract. We study the solution of the system of equations describing the dynamical evolution of spontaneous ruptures generated in a prestressed elastic-gravitational deforming body and governed by rate and state friction laws. We propose an iterative coupling scheme based on a weak formulation with nonlinear interior boundary conditions, both for continuous time and with implicit discretization (backward Euler) in time. We regularize the problem by introducing viscosity. This guarantees the convergence of the scheme for solutions of the regularized problems in both cases. We also make precise the conditions on the relevant coefficients for convergence to hold.
Abstract. We study the solution of the system of equations describing the dynamical evolution of spontaneous ruptures generated in a prestressed elastic-gravitational deforming body and governed by rate and state friction laws. We propose an iterative coupling scheme based on a weak formulation with nonlinear interior boundary conditions, both for continuous time and with implicit discretization (backward Euler) in time. We regularize the problem by introducing viscosity. This guarantees the convergence of the scheme for solutions of the regularized problems in both cases. We also make precise the conditions on the relevant coefficients for convergence to hold.
1. Introduction. The study and mathematical formulation of seismic wave propagation and scattering in a uniformly rotating and self-gravitating earth model dates back to the works of Dahlen [8, 9] and Woodhouse and Dahlen [51] . Valette [50] studied the proper weak formulation of the underlying system of equations, and de Hoop, Holman and Pham [13] completed the analysis of well-posedness through energy estimates. The complications in this analysis arise essentially from the presence of a fluid outer core, and Shi et al. [47] showed its impact upon the interior normal modes of the earth while solving a generalized eigenvalue problem. Here, we study a different complication, namely the coupling of the system to rupture dynamics.
The energy budget of a "kinematic" rupture via a slip boundary condition was studied by Dahlen [10] , without a friction law. However, in rupture dynamics friction laws play a critical role. Theoretical models of earthquake rupturing based on rate and state friction laws and their incorporation in the elastic-gravitational system of equations describing seismic waves have been studied in recent years [28, 20, 49] . However, a rigorous mathematical, weak formulation and an analysis of well-posedness have been lacking and are addressed here while introducing an iterative coupling scheme.
The dependence of friction strength on slip rate and the evolving contact properties of material, or so-called "state", has been recognized in laboratory studies and formalized by Dieterich [15] , Ruina [42, 41] , Rice [36] , Rice and Ruina [39] , and many others. Such studies were conducted on various rock types and fault gouge layers, and over a wide range of slip rates and confining normal stresses. The relation between the rate and state friction laws and realistic rupture processes was discussed by Dunham et al. [16] .
Originally developed in the laboratory, rate-and state-dependent friction laws have been proven to be well-posed in one-dimensional problems; these laws are known to fit rate-dependent experimental results [15, 41, 40, 38] . However, general existence or uniqueness of solutions for rate-and state-dependent friction laws coupled to the elasticgravitational system of equations (in dimension three) describing oscillations of the earth have not been studied so far. The challenges that arise in proving these pertain to the high-order derivative terms arising from the dependency of friction on the normal stress and the surface divergence introduced by a dynamically slipping boundary. The challenges remain in the coupling of slip-dependent friction laws, even for the simplest case, that is, linear slip-weakening friction. Analyses of well-posedness have been based on simplified scenarios deviating from the general case in essential ways: Fixing the normal stress to a reference value (the Tresca model [23, 22, 33, 32] ), or characterizing the normal stress with a power-relation of normal displacement (the normal compliance model [29, 25, 21] ). Here, in the general case, we establish existence and uniqueness by introducing viscosity, expressed as a Kelvin-Voigt relaxation, with a small coefficient. For non-opening ruptures following Lipschitz continuous rate-and state-dependent friction laws, the further necessary conditions are natural.
At the same time, in recent years, vatious numerical algorithms have been developed for computing solutions for rate-and state-dependent friction laws coupled to the elastic-gravitational system of equations, based on the above mentioned simplifications, seemingly producing physically reasonable results [18, 11, 3, 31, 26, 53, 30, 17] . Some numerical studies do point out that problems (like shock waves) can occur for long-time simulations, and that introducing artificial viscosity is a natural way to obtain a stable solution (e.g. [12, 24, 1] ). However, a mathematical framework addressing well-posedness on any finite time interval through viscous regularization while avoiding possibly unphysical simplifications to study coupled rupture dynamics and seismic wave generation accounting for self gravitation, has indeed been lacking so far and is presented here. The main technique is iterative coupling the convergence of which we establish in concert with the occurrence of two time scales. We suppress the uniform rotation in our analysis, but including this is a simple task.
The friction law appears on some of the interior boundaries identified as faults, and involves a nonlinear algebraic relation with the evolution of a state variable that is represented by a time-dependent nonlinear ordinary differential equation (ODE). Our approach is based on considering an iterative coupling scheme derived from initially decoupling the elastic-gravitational system of equations from the state ODE supplemented with nonlinear frictional constraints. By considering the equations satisfied by the difference of two successive iterates, we obtain a contraction in natural norms for these. The fixed point obtained as a result of this contraction solves the original system of coupled equations. The artificial viscosity, introduced in the elastic-gravitational system of equations, is used in an essential manner to obtain the required estimates. Since the proposed iterative scheme decouples two physically distinct problems, a multi-rate scheme [19] is a natural outcome. The natural choice of numerical method is the discontinuous Galerkin (DG) one, see earlier works by de la Puente et al. [14] , Tago et al. [48] and Pelties et al. [31] . In a companion paper [52] , we develop a novel algorithm for the multi-rate iterative coupling scheme proposed, here, using a nodal DG method with penalty numerical flux enabling the general simulation and studying of earthquakes.
The outline of this paper is as follows. In Section 2, we give the strong formulation for particle motion, including self gravitation, and boundary conditions expressing the coupling with a friction law, and the corresponding weak formulation with necessary assumptions including the regularity of model geometry and model parameters. The empirical assumptions of friction laws are also discussed. In Section 3, we define the appropriate energy spaces, and then introduce the variational form. In Section 4, we propose an iterative coupling scheme and present a proof of contraction, with a condition on the artificial viscosity. Based on the contracting iterative scheme, we proof the existence of solutions for the coupled problem in Section 5. We discuss a backward Euler time discretization in Section 6. The proof of contraction is under certain conditions, which we precise in the theorems, for the time step and the choice of viscosity coefficient. Theorem 4.1 shows the contraction of iterative scheme in the continuous time case, and Theorem 6.1 in the discrete time case, with conditions on the viscosity coefficient depending on model geometry and elastic parameters, as we highlight in Remark 6.1. The contraction result of Theorem 4.1 allows us to deduce the existence of a mixed solution to the coupled system as shown in Theorem 5.2.
Mathematical model and assumptions.
We consider the problem in a bounded subdomain Ω ∈ R 3 that stands for the interior of the solid earth (ignoring the fluid oceans and outer core), with a continuum of linear elastic material that follows Hooke's law, except at the rupture surface. We further assume that Ω is a Lipschitz composite domain, which is defined as a disjoint union of open subsets, Ω = k0 k=1 Ω k , with interior boundaries (supplemented with slip and non-slip conditions) given by
which are two-dimensional Lipschitz continuous surfaces. We denote the rupture surface by Σ f , which is an open subset of Σ. We have Ω = Ω ∪ Σ ∪ ∂Ω. The boundary of the interior surface, ∂Σ, is a finite union of curves of measure 0 lying on the exterior boundary ∂Ω, where a traction free condition (2.7) is applied. We let n : ∂Ω k → R 3 be the unit normal vector of interior and exterior boundaries, defined almost everywhere on
, and labels the two sides of Σ by "−" and "+". The jump operator + − can be defined for any bounded Lipschitz continuous function f as f
where Ω k corresponds to the region of the "+" side and Ω k ′ to the region on the "−" side. 2.1. The basic equations in the strong form. We follow Brazda et al. [6] in introducing the equation of motion in a prestressed earth while ignoring the rotation of the earth. The gravitational potential φ 0 satisfies Poisson's equation
with ρ 0 the initial density distribution of the earth, and G Newton's universal constant of gravitation. The equilibrium condition for the initial steady state is
where T 0 is the tensor representing the static prestress. We define g 0 := ∇φ 0 , and the equation of motion is written following [6, (5.43) ] as
with the initial conditions given as
The mass redistribution potential S(u) is associated with particle displacement u by 5) and the prestressed elasticity tensor is a linear map Λ
∇u) represents the first Piola-Kirchhoff stress perturbation. The prestressed elasticity tensor is related to the in situ isentropic elastic tensor C by
The non-slipping inner interfaces yield the conventional continuous boundary conditions, 6) and the external boundary yields the traction free condition,
We denote by T δ (t, x) the perturbation of the stress tensor away from the prestress T 0 and subtracting the stress variation generated by elastic motion. In other words, the total stress tensor can be expressed as
Several models of T δ are available as approximation of particular physical problems. One popular model of hydraulic fracturing considers poroelastic coupling of stress and pore pressure due to injection of fluid mass [46, 45] , while another widely used model is based on thermal pressurization [2, 37, 44] , where the heat is generated by friction resistance to slow sliding and changes the pore pressure of a fluid-saturated porous medium. In both scenarios, the governing equations are diffusive. Therefore, we safely assume that
, with H defined in Section 3.1.
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On the rupture surface Σ f , the dynamic slip boundary condition (e.g. [6, (4. 57)]) and the force equilibrium are satisfied, which give
both of which are linear functions depending on u, and the surface divergence is defined by
We denote by σ a scalar: its absolute value stands for the magnitude of normal stress, and it takes a positive/negative sign when the normal stress is compressive/expansive. Here, we view σ : R 3 → R as a linear map, which maps particle displacement u to the normal compression magnitude on the rupture surface. That is, σ is given by
We also define the mean value of σ(u) across Σ f bȳ
which will be used in the construction of the variational form in Problem 3.1. We denote by S := [u ]
+ − the tangential jump of particle velocity across the rupture surface, and by s := |S|, τ f := |τ f | the slip-rate and the friction force magnitude, respectively. The direction of friction force is opposite to the slip velocity, following (e.g. [12, eq. (4) 
The nonlinear relation between s and τ f is governed by a rate and state friction law, which we will discuss in Section 2.2.
We mention an equivalent description of the wave motion as an alternative for the above equations (2.4), (2.6), (2.8) and (2.9). Within this description, the incremental Lagrangian stress tensor takes the place of the incremental Piola-Kirchhoff stress tensor, and the equation of motion attains the form (e.g. [6, (5.52)])
where
Lagrangian stress perturbation, which satisfies the same boundary condition as (2.6) and (2.8), with τ 1 and τ 2 replaced byτ 1 andτ 2 , given by
(2.14)
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The surface gradient is defined by ∇ Σ f = ∇f − (∇f · n)n. We can apply the same coupling scheme to (2.13) and (2.14) and obtain similar well-posedness results that will be developed in Sections 4-6.
2.2. Rate-and state-dependent friction laws. Here, we review the general assumptions for composing a rate-and state-dependent friction law, which will be essential in the proof of well-posedness of the coupling problem. A detailed discussion and analysis can be found in Rice et al. [38] . Upon introducing a state variable ψ that measures the average contact maturity, the nonlinear relation for the magnitude of friction force can be written in the general form of a scalar function
The state variable evolves in time according to the ordinary differential relation,
A steady state can be obtained for each pair of (σ, s) by takingṡ = 0 andσ = 0, with a corresponding state-variable value ψ ss (σ, s) satisfying
and with the corresponding friction force denoted by
For the dynamic rupture problem considered here, we assume that the rupture remains compressive, in other words, σ stays positive and the friction force τ f is non-vanishing if the slip rate s is non-zero. This assumption puts constraints on the ruptures, physically meaning that the block mass across the fault should stay in contact without any "opening" portion existing throughout time. This assumption is naturally implied in typical rock physics experiments, and applies to most research of earthquake processes. Furthermore, we invoke Assumption 2.1. The nonlinear functions F and G in (2.15) and (2.16) are uniformly Lipschitz continous in all the variables. 
In the above, f (s, ψ) is usually called the friction coefficient. A physically meaningful friction coefficient is positive and bounded, which indicates that τ f always depends positively on the magnitude of the compressive normal stress. Based on experimental observations, it has also been recognized that the instantaneous friction force depends positively on the slip rate s as well as on the state variable ψ. Together with Assumption 2.1, these empirical laws lead to the following
The general features of the function G are still under debate. Studies by Linker and Dieterich [27] , Prakash [34] , Richardson and Marone [40] , Bureau et al. [7] , and many others show that the effects of variable compressive normal stress upon friction state can take various forms. Instead, we use the laws of Dieterich-Ruina [38, p. 1875] , which ignore the dependency on variational normal stress of the nonlinear state ODE (2.16). In other words, we replace (2.16) by a simplified forṁ
Meanwhile, empirical results from laboratory experiments suggest that there is a characteristic length for the steady-sliding rupture evolving into the next steady state after a sudden change of slip rate, regardless of the value of slip rate. Elaboration on this observation follows linearizing (2.21) as a perturbation of steady state, which yields (cf.
[41, eq. (7)]) 23) in which the time is replaced by L/s, where L is the slip distance. The characteristic length is defined as L c := s/(∂G/∂ψ), physically meaning that after slipping for a distance L c under fixed compressive normal stress and slip rate, the friction coefficient evolves towards the steady state by a definite ratio 1/e. The empirical law above indicates that
2.3. Assumptions on material parameters. We give assumptions on the regularity of parameters following [13] . The reference density,
, where W 1,∞ is the space of C 0 functions whose weak gradient is in L ∞ , and
by elliptic regularity. The prestress tensor T 0 governed by (2.3) satisfies the symmetries
and the continuity on interfaces
The stiffness tensor C ijkl ∈ L ∞ (Ω) 3×3×3×3 satisfies the symmetries
, which also satisfies the symmetry relation Λ
. Moreover, we borrow the following assumptions from de Hoop, et al [13] (the assumptions of Theorem 2) Assumption 2.5. We have
with g 0 bounded away from 0; (3) there exists c > 0 such that for any 2-tensors η ij ,
We ignore the liquid regions including the outer core and ocean layer. The analysis of a self-gravitating planet with fluid regions can be found in de Hoop, et al [13] . Including fluid regions does not harm the well-posedness of the coupled problem as long as the intersections of Σ f and fluid-solid interfaces are finite curves with zero measure, which do not appear in the analysis.
3. The variational form. We bring the overall problem in variational form with coupling with a nonlinear algebraic relation and time evolution of state on the interior slipping boundary or rupture plane. In this section, we present the procedure and introduce the relevant Sobolev spaces.
3.1. Energy spaces and trace theorem. In the Lipschitz composite domain Ω ⊆ R 3 , the space of square integrable functions is defined as
We define the Sobolev space H as
with the norm
we denote its dual space with regard to L 2 (Ω) by H ′ . With Assumption 2.5 (3), the 4-tensor Λ T 0 is convex. We denote by
Clearly, under the assumptions introduced in Section 2.3,
We denote by , Σ f the duality pairing between H −1/2 (Σ f ) and H 1/2 (Σ f ), and by , Ω the duality pairing between H and its dual H ′ . We study the weak solution of the coupling problem in the space V 1 × V 2 ,
We revisit the general Sobolev trace theorem (e.g. [35, Theorem 1.3.1]) and rewrite it for interior boundaries. The quantities v ± related to any v ∈ H are defined in (2.1). 
(b) There exist two linear continuous maps (extension operators) R f
This lemma implies the existence of constants
, ∀v ∈ H.
We denote by T f the direct union of all T f
. We can then define the tangential jump operator T f + − for interior boundaries that generates S = T f + − (u) and yields the following lemma, which can be obtained directly from Lemma 3.1.
Lemma 3.2. Let Ω be a Lipschitz composite domain and Σ f be a subset of its Lipschitz interior boundaries.
(a) There exists a unique linear continuous map T f
(b) There exists a linear continuous map R f
(c) There exists a constant C f
We introduce the (bounded linear) Dirichlet-to-Neumann maps [43, 5, 4 ] associated with the elastic-gravitational system of equations (2.4),
We obtain the following lemma which will be used in the proofs of Theorems 4.1 and 6.1.
,ρ 0 ,g 0 be defined as in Lemma 3.1, Lemma 3.2, and equation (3.5), then there exist constants C I , C
Proof. Based on the Cauchy-Schwartz inequality [43] ,
. (3.8)
Using (3.3), (3.4) and (3.6) in (3.8), we immediately obtain
. We can prove the second inequality in (3.7) in the same manner.
3.2.
A weak form of the system of equations and viscosity solutions. We introduce the weak form on Ω while requiring the nonlinear friction law to hold pointwise. We then follow the approach of Martins and Oden [29] and Ionescu et al. [22] to prove the well-posedness.
We introduce a convex and Gâteaux differentiable approximation to friction force τ f by defining the regularized slip rate as (cf. [22, eq. (30) 
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with a small constant ε > 0, whose gradient with regard to the slip velocity is denoted by
We then introduce the nonlinear map
We denote by
the derivative of F ε with respect to the final variable such that
In other words, F ε (σ, ψ, v) represents the regularized replacement of τ f .
We write (2.4)-(2.9) in the following weak form, appended with an artificial (temporal) viscosity term weighted by γ > 0 and a small and fixed regularization coefficient ε upon the friction law.
Problem 3.1. Let ε and γ be fixed strictly positive constants, find (u, ψ) ∈ V 1 × V 2 such that 15) are satisfied almost everywhere in time, with sesquilinear form a 3 (u, v) defined by 16) and the linear maps τ 2 andσ defined in (2.9) and (2.10) on Σ f in the sense of traces, and hold for all (w, ϕ) ∈ V 1 × V 2 .
In the above, S is the symmetrization such that for any expression B(u, v), we have
The proof of consistency between the strong form (2.4) and the weak form (3.14) can be found
.
(3.17)
The proof of Lemma 3.4 is contained in the proof of [13, Theorem 2] . We further define
From Lemma 3.4 it is clear that also
Moreover, a The solution (u, ψ) depends on the small parameter ε defined in (3.9) as well as on the viscosity coefficient γ. We suppress these dependencies in our notation in the further analysis.
Remark 3.1. In the formulation of Problem 3.1, the boundary conditions (2.6), (2.7) and (2.8) are enforced by surface integration. Since both Σ ∩ ∂Ω and Σ f ∩ (Σ \ Σ f ) are union of curves with zero Lebesgue measure, discontinuities that occur on these curves will not appear in the analysis.
Nonlinear coupling iterative scheme.
Here, we present a robust convergent nonlinear coupling iterative scheme. There are several considerations that underlie the introduction of such a scheme. First, it simplifies the stability analysis through studying the behaviors of each of the subproblems. Secondly, it enables acceleration of solving the system through introducing preconditioners for each of the subproblems. Moreover, in the time discretization, it facilitates the use of different time steps; this is critically important, since the ruptures and wave propagation take place on significantly different time scales. Thirdly, we obtain a proof of well-posedness by verifying whether the iterative coupling is a contraction.
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4.1. The iterative scheme in weak form. The iterative scheme is described by the following Problem 4.1. Let ε and γ be fixed, strictly positive constants, and let (u k−1 , ψ k−1 ) ∈ V 1 × V 2 be the solution generated from the previous iteration, find (u k , ψ k ) ∈ V 1 × V 2 such that for all (w, ϕ) ∈ V 1 × V 2 , almost everywhere in time, the following equations are satisfied,
with the initial conditions, independent of k,
In short, the updated variables from iteration k − 1 are used in computing the Neumann boundary condition for iteration k until convergence. In the next subsection, we give a convergence proof that involves a bound on the viscosity coefficient, γ, in terms of the material parameters and the trace constant. Remark 4.1. Following classical techniques (e.g. Martins and Oden [29] ), the existence of a solution for the decoupled system is clear. In other words, for given (u k−1 , ψ k−1 ) ∈ V 1 × V 2 , the existence of a solution u k ∈ V 1 to (4.1) holds, and, meanwhile, given u k ∈ V 1 , there exists a solution ψ k ∈ V 2 to (4.2) due to the Lipschitz continuous righthand-side of the ODE. 4.2. Convergence. We show that the iterative coupling scheme described by Problem 4.1 is linearly convergent, by a given convergence rate λ ∈ (0, 1), within the space V 1 × V 2 for any finite time interval [0, T ] under certain conditions. Theorem 4.1. Let the maximal time T and the coefficient γ satisfy
with β(T ) : R + → R + a monotonically increasing function of T , and λ ∈ (0, 1) some constant. Our iterative coupling scheme described by Problem 4.1 is a contraction in the sense that
, and
and κ 4 > 0 some constant depending on T and γ. Proof. We define the error vectors and scalars,
It is immediate that
which, using (3.3), gives
where a ′ 3 is defined in (3.18). We let w =ǫ k u so that (4.9) implies, 1 2
We denote by I 0 , I 1 , I 2 and I 3 the three terms on the right-hand side of (4.10). From Young's inequality, it follows that
(4.11)
Based on [13, p. 28 proof of Theorem 2], we have
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so that
(4.12)
Meanwhile,
(4.13)
To simplify the notation in the algebraic manipulations, we let
Using the Cauchy-Schwartz inequality,
and it follows that
(4.14)
We note that
with the difference going to 0 uniformly as ε vanishes. Hence, C ε |ǫ 
(4.15)
Using Lemma 3.3 and then Young's inequality, we obtain
Using the Cauchy-Schwarz and Young's inequalities, again,
(4.17)
The estimates leading to (4.16) also lead to
We subtract (3.15) from (4.2) at step k, and let ϕ = ǫ k ψ so that 19) in which, based on (2.24),
(4.20)
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Combining (4.10)-(4.19), we get the estimate
We let
with t ≤ T , and take (3.17) into account. Then
dτ. 
where β(T ) > 0 is a constant monotonically increasing with the length of the time interval [0, T ]. Clearly, the contraction (4.5) is a direct consequence of (4.23) if the criteria in (4.4) are satisfied. We, therefore, obtain a contraction within V 1 × V 2 . Remark 4.2. To properly control the error, the time interval [0, T ] must be sufficiently small such that β(T ) satisfies the condition in (4.4). For a long-time simulation, the overall time is subdivided into sufficiently small time intervals, namely,
and iterations are conducted within each time segment. In this way, a sufficiently small β(δt ) can be used alternatively in Theorem 4.1. Remark 4.3. As is clear from (4.4), a vanishing γ destroys the contraction. This has been apparent in computational experiments: A zero γ results in severe oscillations [29] while a positive γ aids the stability of numerical simultions. Indeed, it is necessary to make sure that γ takes a strictly positive value to be able to apply the Kelvin-Voigt regularization.
Existence of a weak solution.
Here, we follow the method of proof by Martins and Oden (1987) [29] . We immediately obtain a corollary as a consequence of the contraction of the sequence shown in (4.5), and then a theorem that guarantees the existence of a solution to Problem 3.1.
are sequence of solutions to the scheme described by Problem 4.1, then there exists (u, Proof. Due to the fact that the trace operator T f
continuous, we have the convergence,
Meanwhile, G is a function of two variables, and is Lipschitz with regard to each, that is, for a fixed ψ k ,
where the second inequality follows from the triangle inequality, and for a fixedu,
DYNAMIC RUPTURES GENERATING SEISMIC WAVES IN A SELF-GRAVITATING PLANET 19
Therefore,
We invoke the usual density argument, take φ sufficiently smooth, with the property φ| t=T = 0, do integration by parts, and pass the limit ψ k → ψ,
Taking for φ a product of smooth functions of space and time, from (5.1)-(5.2) we conclude that
, and the pair (u, ψ) solves (4.2). Now, we consider (4.1). First of all, a direct consequence of Corollary 5.1 is that
Secondly, since F is a function of three variables and is Lipschitz continuous with regard to each (and so is F ε ), following the same procedure for obtaining (5.3), we can also get
Meanwhile, a 3 (u, w) is a bilinear form that contains ∇u k and u k . From Corollary 5.1, we conclude that
is a Lipschitz continuous map, which indicates that
Based on the discussion above, we find that all the terms in (3.14), except the one containingü, are well defined in the space of
. We move all terms except the one containingü k in (4.1) into right-hand-side, the result of which can be written in the formal way, 9) where A is nonlinear with regard to u k andu k , and is linear with regard to w. By a density argument, for any w ∈ L 2 [0, T ]; H there exist a sequence w i
with
(5.10)
As i → ∞, the following limit holds
H ′ (see also [29] ). We can now conclude that (u, ψ) ∈ V 1 × V 2 also solves (4.1), and therefore the coupled system.
Implicit discretization in time.
We define the space of time-discretized weak solutions for Problem 6.1 below asV 1 ×V 2 , witĥ
To simplify the analysis, we semi-discretize Problem 3.1 with a uniform time step. We denote the particle velocity v :=u, and discretize the time interval by δt = T N , and let t n = nδt . We use index n in the superscriptv (n) to indicate the time-discretized solution to a time dependent variable v at time t = t n . A backward Euler time discretization of Problem 3.1 is described by the following scheme.
Problem 6.1. Let ε and γ be fixed, strictly positive constants, and let the solution for the previous time step t = t n−1 , (
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hold for all (ŵ,φ) ∈V 1 ×V 2 .
The corresponding iterative coupling scheme to Problem 6.1 is similar to the one in (4.1-4.2) Problem 6.2. Let ε and γ be fixed, strictly positive constants, and let the solutions, (û (n−1) ,v (n−1) ,ψ (n−1) ) ∈V 1 ×V 1 ×V 2 for the previous time step t = t n−1 , be given.
is the solution for the current time step t = t n at iteration k − 1 with k ≥ 1, where at the beginning takê
In the remainder of this section, subject to existence of a time-continuous solution in V 1 × V 2 that is given in Theorem 5.2, we prove that the solution of Problem 6.2 linearly converges to the unique solution of Problem 6.1 under some restrictions on the time step as well as the viscosity coefficient, by a given rate λ ∈ (0, 1).
Theorem 6.1. Let γ and δt satisfy
for some constant λ ∈ (0, 1). Then the iterative coupling scheme described by Problem 6.2 is a contraction in the sense that 
and
Proof. We define the error vectors and scalars,
Clearly,η k u = δtη k v based on (6.3b), and similarly to (4.
We subtract (6.3a-c) at iteration k − 1 from the corresponding equations at iteration k to obtain the error estimate, 1 δt ρ
We letŵ =η
We denote by J 0 , J 1 , J 2 and J 3 the terms on the right-hand side of (6.10), and similarly to (4.12-4.18), We also subtract (6.3c) at step k − 1 from the corresponding equation at step k, let ϕ =η k ψ , and obtain the estimate
(6.16)
We use the relationη 
(6.18)
Clearly, the contraction (6.5) is a direct consequence of (6.18) if the criteria in (6.4) are satisfied and δt is sufficiently small. We therefore obtain a unique fixed point (v (n) ,û (n) ,ψ (n) ) T ∈V 1 ×V 1 ×V 2 that solves the time-discretized problem.
Remark 6.1. Theorem 6.1 indicates that γ can be chosen proportional to δt to ensure that the general time-discretized coupling problem converges to a unique solution. This result is consistent with Theorem 4.1. Moreover, the choice of the ratio γ/δt involves the constant C * 2
I , which is related to the smoothness of rupture surface Σ f as well as to the instantaneous friction coefficient. In some numerical tests for ruptures with simple geometry, this constant is small, and the criteria for artificial viscosity can be fulfilled by the dissipative nature of numerical schemes. However, as the numerical experiments in our companion publication show [52] , when the rupture surfaces are nonplanar or the elastic material is distinct across the rupture, a sufficiently large positive artificial viscosity is necessary to guarantee the scheme's convergence.
7. Discussion. We establish a mathematical understanding of coupling spontaneous rupturing and seismic wave generation in a self-gravitating earth by developing an iterative scheme. We introduce an artificial viscosity term as a regularization in the relevant elastic-gravitational system of equations and show the contraction of the iterative scheme in natural norms. Thus we obtain framework for studying earthquakes with general rateand state-dependent friction laws constrained by observations from experiments. We also give precise conditions on the viscosity coefficient and time step that guarantee the convergence of the iterative scheme.
Our iterative coupling scheme provides a natural multi-rate time stepping strategy for dealing with the nonlinearity of the ordinary differential equation for state evolution. This evolution requires a significantly finer time step than the seismic wave propagation and scattering. We also provide an analysis for the discrete time problem. Our analysis is carried out with a uniform time step, but the extension to the multirate case can be made, which is illustrated in a companion paper [52] .
